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Abstract
An interesting example of a k-arc with k = 4(
p
q− 1) in the projective plane over GF(q) is
constructed for q= p2, p prime, p  3 (mod 4); it is complete when q6961. c© 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
A very important problem about plane k-arcs is to determine the minimum value for
k for which there exists a complete k-arc. This is not only a dicult and interesting
problem in combinatorics, but it has equivalent formulations in areas such as statistics
and coding theory (see [5,6]). It is easy to show that in PG(2; q) a k-arc with
k6 12 (3 +
p
8q+ 1)
is never complete (see [1]); on the other hand, very few explicit constructions of
complete k-arcs are known, and besides the values of k for such arcs far exceed the
above bound (see [2{4]).
In this paper, we construct an interesting example of a 4(
p
q−1)-arc in PG(2; q); q=
p2; p prime, p  3 (mod 4); for q6961 this arc is complete, and for 1216q6961
its size is the lowest compared to the complete arcs known up to now. In other words,
if we consider our arcs as linear codes, they provide examples of 1-error correcting
quasi-perfect linear codes over GF(q) whose lenght is small compared to q.
Most of the known constructions of complete k-arcs are based on an idea of B. Segre
and L. Lombardo Radice: the arc is obtained by adjoining a few points to appropriately
chosen points from a conic or a cubic curve. Our arc is instead constructed by using
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two conics; more precisely, half of its points lie on one conic, and the other half on
the second conic.
2. The construction of the arc
Throughout this paper, p is prime, p  3 (mod 4) and so −1 is not a square in Zp.
Dirichlet’s theorem ensures that there are innitely many such primes p. Moreover
q = p2, so that GF(q) = Zp(i) where i2 = −1. So the generic element of GF(q) will
be written as a+ ib, where a; b 2 Zp. As is usual, we denote the conjugate a− ib of
x = a + ib by x; also, Z?p will denote Zp − f0g. Consider the following subsets of
points of the ane plane AG(2; q):
K1 = f(; 1=) j 8 2 Zp;  6= 0g;
K2 = f(; i=) j 8 2 Zp;  6= 0g;
K3 = f(i; 1=) j 8 2 Zp;  6= 0g;
K4 = f(i;−i=) j 8 2 Zp;  6= 0g:
Let K AG(2; q); K=K1[K2[K3[K4. Obviously, we can consider K also as a subset
of PG(2; q).
Observe that the points of K1 [ K4 lie on the conic of equation xy= 1, while those
of K2 [ K3 lie on the conic of equation xy = i. We shall prove the following
Proposition 2.1. K is a 4(
p
q− 1)-arc of PG(2; q).
To prove it, we rst introduce some notation.
Denition 2.1. Let ’;  ; , and  be collineations of AG(2; q) dened by
’(x; y) =

x;
y


;  2 Z?p ;
 (x; y) = (y; x);
(x; y) = (−ix; iy);
(x; y) = (x; i y):
We note that the above collineations x K . We need to show that no three distinct
points of K are collinear. Let P1; P2; P3 be distinct points of K ; we have to distinguish
the various cases.
 P1; P2; P3 2 K1 [ K4 or K2 [ K3: These points are not collinear as, in either case,
they belong to an irreducible conic.
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 P1 2 K1; P2 2 K1; P3 2 K2: Let P1 = (; 1=); P2 = (; 1=); P3 = (; i=) with
; ;  6= 0;  6= . Suppose they are collinear; so
 −  1=− 1=−  1=− i=
= 0;
, (− )

 − i


− (− )

− 


= 0;
, (−2 + 2 + 2− 2) + i(2− 2) = 0;
) 2− 2= 0) (− ) = 0;
this is impossible because  6= ;  6= 0;  6= 0:
 P1 2 K1; P2 2 K1; P3 2 K3: If they were collinear so would  (P1);  (P2);  (P3),
which belong respectively to K1; K1; K2; we have already proved that this is im-
possible.
 P1 2 K1; P2 2 K2; P3 2 K4: Let P1 = (; 1=); P2 = (; i=); P3 = (i;−i=) where
; ;  6= 0: Suppose they are collinear, so
 −  1=− i=− i 1=+ i=
= 0;
, (−2+ 2) + i(2 − 2+ 2+ 2) = 0;
,
−2+ 2= 0;
2 − 2+ 2+ 2 = 0;
,
(
= 
2
 ;
4
2  − 
2
 
2 + 
4
2 + 
2 = 0;
) 
2
2
+ 2 = 0)



4
=−1;
this is impossible because −1 is not a square in Zp.
 P1 2 K1; P2 2 K2; P3 2 K3: If they were collinear so would (P1); (P2); (P3),
which belong to K2; K1; K4; we have already proved that this is impossible.
The same argument works for the remaining cases.
 P1 2 K1; P2 2 K2; P3 2 K2: The images of the points by  belong to K2; K1; K1 so
they are not collinear.
 P1 2 K2; P2 2 K2; P3 2 K4: The images of the points by  belong to K2; K2; K1.
 P1 2 K4; P2 2 K4; P3 2 K3: The images of the points by  belong to K1; K1; K2.
 P1 2 K4; P2 2 K4; P3 2 K2: The images of the points by  belong to K4; K4; K3.
 P1 2 K1; P2 2 K3; P3 2 K4: The images of the points by  belong to K1; K2; K4.
 P1 2 K2; P2 2 K3; P3 2 K4: The images of the points by  belong to K1; K4; K3.
 P1 2 K1; P2 2 K3; P3 2 K3: The images of the points by  belong to K1; K2; K2.
 P1 2 K3; P2 2 K3; P3 2 K4: The images of the points by  belong to K3; K3; K1.
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3. Study of the completeness of the arc
Denition 3.2. Let P be a point, and S be a set of points of PG(2; q). S is said to
cover P if through P there pass secants of S.
Observation 3.1. K1 covers about half of the points of PG(2; q).
Proof. Let  be the Baer subplane of PG(2; q) given by points whose coordinates are
in Zp, and   the conic of  of equation xy=1. Observe that   consists of the p− 1
points of K1 and two further points. It is well known that an irreducible conic in a
desarguesian plane of odd order is a complete arc; thus,   covers all the points of .
Next we consider points of PG(2; q)n which are covered by  . There are (p+1)p=2
secants of  , and these intersect in ; thus there are (p+ 1)(p=2)(p2 − p) points of
PG(2; q)n covered by  . Hence,   covers (p2 +p+1)+ (p+1)(p3−p2)=2 points
of PG(2; q).
Since the other Ki’s are projectively equivalent to K1, it seems reasonable to hope
that K is a set whose secants cover a lot of points, and possibly all the points of
PG(2; q). This conjecture forced us to use a computer to study the completeness of
K , at least for q not too big. To speed up the computation, we have translated the
condition P is covered by at least one secant of Ki in the following useful manner:
Proposition 3.1. Suppose p 6= 3; P = (a+ ib; c+ id) 2 AG(2; q). Let S be the set of
non-zero squares of Zp.
 If b 6= 0 put x = a=b; y = bc; z = bd. Then:
1. P is covered by K1 , z 6= 0 and (z2x2 + y2 − 2xyz + 4z) 2 S.
2. P is covered by K2 , y 6= 0 and (x2y2 + z2 + 2xyz − 4y) 2 S:
3. P is covered by K3 , [x=0 and y=0] or [x 6= 0 and (z2+x2y2+2xyz−4xz) 2 S].
4. P is covered by K4 , [x=0 and y=0] or [x 6= 0 and y 6= 0 and (y2 + x2z2 −
2xyz − 4xy) 2 S].
 If b= 0; a 6= 0 put y = ac; z = ad. Then:
1. P is covered by K1 , z = 0.
2. P is covered by K2 , y = 0.
3. P is covered by K3 , z 6= 0 and (y2 − 4z) 2 S.
4. P is covered by K4 , y 6= 0 and (z2 − 4y) 2 S.
 If b= 0; a= 0; c 6= 0 put z = d=c. Then:
1. P is covered by K1 , z = 0.
2. P is not covered by K2.
3. P is covered by K3 , z = 0.
4. P is not covered by K4.
 If b= 0; a= 0; c = 0 then P is covered by at least one Ki.
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Proof. We shall prove the rst case; the same argument works also in the other cases.
Let P=(a+ ib; c+ id), b 6= 0. Then P is covered by K1 , Q=’1=b(P)=(x+ i; y+ iz)
is covered by K1 , 9 ;  2 Z?p ;  6= , such that: (x + i)−  (y + iz)− 1=(x + i)−  (y + iz)− 1=
= 0:
This happens i
−x= − i= − y− iz+ = =−x=− i=− y − iz + =:
By multiplying both sides by :
−x− i− 2y − 2iz + 2 =−x − i{2y − 2iz + 2
, (−x − 2y + 2 + x + 2y − 2) + i(−− 2z +  + 2z) = 0;
,

(2 − 2) + x( − ) + y( − ) = 0;
( − ) + z( − ) = 0;
,
−(+ ) + x + y = 0;
1 + z = 0;
since  −  6= 0;
, z 6= 0 and

(+ ) = x − y=z;
 =−1=z
, z 6= 0 and the equation u2 − (x − y=z)u − 1=z has two distinct non-zero solutions
in Zp;
, z 6= 0 and ((x − y=z)2 − 4(−1=z)) 2 S;
, z 6= 0 and (x2 + y2=z2 − 2xy=z + 4=z) 2 S;
by multiplying by z2, (which is a non-zero square in Zp):
, z 6= 0 and (z2x2 + y2 − 2xyz + 4z) 2 S:
To reduce the time involved by the computer work, we have studied further properties
of K . In particular, we have found a large group of collineations of PG(2; q) which
x the arc.
Let H be the subgroup of the group of collineations of AG(2; q) generated by the
set E = f’; ;  ;  j 8 2 Z?p g. It’s trivial that every element of H xes K . We shall
prove the following
Proposition 3.2. If
H 0 = f’; ’ ; ’; ’ ; ’; ’ ; ’; ’  j 8 2 Z?p g
then H = H 0 and jH j= 8(p− 1).
Proof. We must prove that:
1. 1AG(2;q) 2 H 0,
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2. 8a; b 2 H 0, ab 2 H 0,
3. 8a 2 H 0, a−1 2 H 0.
The rst condition is trivially veried, since 1AG(2;q) =’1. To prove the remaining, we
need the following relations, which come directly from denitions: 8; 0 2 Z?p , we
have:
(i) ’’′ = ’′ ,
(ii)  ’ = ’1= ; ’ = ’; ’ = ’,
(iii)  2 = 1AG(2;q); 2 = ’−1; 2 = 1AG(2;q),
(iv)  =  ;  = ’−1 ; = ’−1.
There are many cases to be considered in proving the second condition; we restrict
ourself to proving only one case, the others being similar:
(’ )(’′) = (’’ 1
′
)( ) = ’ 
′
(( )) by (ii)
=’ 
′
((’−1 )) by (iv)
=’ 
′
(’−12 ) by (ii)
=’ 
′
(’−1’−1 ) = ’ 
′
  by (iii):
To prove (3), it is easy to verify directly that
(’)−1 = ’ 1

; (’ )−1 = ’ ; (’)−1 = ’−1

;
(’ )−1 = ’ ; (’)−1 = ’ 1

; (’ )−1 = ’ ;
(’)−1 = ’ 1

; (’ )−1 = ’ :
Observe that H acts on the set fK1; K2; K3; K4g because every h 2 H permutates the
subsets Ki, for i= 1; : : : ; 4. Consider the corresponding homomorphism  : H 7! S4: it
is easy to see that jIm()j= 8 and Ker() = f’ j 2 Z?p g. So
8 = jIm()j=
 HKer()
= jH jp− 1
and the proposition is proved.
We can now describe the orbit of a point of AG(2; q) under the action of H ; we
denote it by orbH (P). Let P = (a+ ib; c + id) and dene
C(P) =

(a+ ib);
1

(c + id) j 2 Z?p

so C(P) is the orbit of P under the action of the subgroup f’ j 2 Z?p g. Denote also
P1 = ’1(P) = P; P2 =  (P) = (c + id; a+ ib);
P3 = (P) = (b− ia;−d+ ic); P4 =  (P) = (d− ic;−b+ ia);
P5 = (P) = (a− ib; d+ ic); P6 =  (P) = (d+ ic; a− ib);
P7 = (P) = (−b− ia;−c + id); P8 =  (P) = (c − id; b+ ia):
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It is obvious that orbH (P) =
S
C(Pi); i = 1; : : : ; 8; this union is not always disjoint.
More precisely, the following assertion can be easily proved:
1. If P=(0; c+ id); c+ id 6= 0; and if cd=0 or c2 =d2, then orbH (P)=
S
C(Pi); i 2
I; I = f1; 3; 6; 8g, and the union is disjoint.
2. If P=(a+ ib; 0); a+ ib 6= 0; and if ab=0 or a2 = b2, then orbH (P)=
S
C(Pi); i 2
I; I = f1; 3; 6; 8g, and the union is disjoint.
3. If P = (a + ib; c + id); a + ib 6= 0 6= c + id, and if ad = bc or ac = −bd, then
orbH (P) =
S
C(Pi); i 2 I; I = f1; 3; 6; 8g, and the union is disjoint.
4. If P = (a+ ib; c + id); a+ ib 6= 0 6= c + id; ac − bd= ad+ bc, then
 if ab= 0, orbH (P) =
S
C(Pi); i 2 I; I = f1; 3; 6; 8g,
and the union is disjoint;
 if cd= 0, orbH (P) =
S
C(Pi); i 2 I; I = f1; 3; 6; 8g,
and the union is disjoint.
5. If P = (0; 0), then orbH (P) = fPg.
6. If P does not belong to the previous cases, then orbH (P) =
S
C(Pi), where i 2
I; I = f1; 2; 3; 4; 5; 6; 7; 8g, and the union is disjoint.
The knowledge of H and its orbits allows us to make the following useful observation:
Observation 3.2. If a point P of AG(2; q) is covered by K; then all points of orbH (P)
are covered by K; so to check the completeness of the arc we have to consider just
one point per orbit.
4. Results
Now we can report the results obtained by the computer study.
 p= 3; K is a complete 8-arc in PG(2; 9).
 p= 7; K is a complete 24-arc in PG(2; 49).
 p= 11; K is a complete 40-arc in PG(2; 121).
 p= 23; K is a complete 88-arc in PG(2; 529).
 p= 31; K is a complete 120-arc in PG(2; 961).
 p=43; K is a 168-arc which is not complete in AG(2; 1849); the number of ane
points not covered by K is 2016; there exists a complete 216-arc containing K .
 p=47; K is a 184-arc which is not complete in AG(2; 2209); the number of ane
points not covered by K is 736; there exists a complete 229-arc containing K .
 p=59; K is a 232-arc which is not complete in AG(2; 3481); the number of ane
points not covered by K is 1392; there exists a complete 288-arc containing K .
 p=67; K is a 264-arc which is not complete in AG(2; 4489); the number of ane
points not covered by K is 4224; there exists a complete 342-arc containing K .
 p=71; K is a 280-arc which is not complete in AG(2; 5041); the number of ane
points not covered by K is 1680; there exists a complete 356-arc containing K .
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 p=79; K is a 312-arc which is not complete in AG(2; 6241); the number of ane
points not covered by K is 7488; there exists a complete 413-arc containing K .
 p=83; K is a 328-arc which is not complete in AG(2; 6889); the number of ane
points not covered by K is 10496; there exists a complete 441-arc containing K .
 p = 103; K is a 408-arc which is not complete in AG(2; 10609); the number of
ane points not covered by K is 25296; there exists a complete 557-arc contain-
ing K .
 p = 107; K is a 424-arc which is not complete in AG(2; 11449); the number of
ane points not covered by K is 27136; there exists a complete 585-arc contain-
ing K .
 p = 127; K is a 504-arc which is not complete in AG(2; 16129); the number of
ane points not covered by K is 66528; there exists a complete 703-arc contain-
ing K .
The previous data are the proof of the main result of this paper:
Proposition 4.1. We have that:
 If q6961; K is a complete 4(pq− 1)-arc in PG(2; q).
 If 961<q616129; K covers at least 9994=10000 of the points of AG(2; q); there
exists a complete arc K in PG(2; q) such that j K j66pq; K  K .
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